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A METHOD  FOR  THE  DETERMINATION 
OF  THE  CRITICAL  ANGLE  OF  REFLECTION  OF  SOUND 
FROM  THE  BOTTOM  OF  THE  OCEAN 


INTRODUCTION 


Irj  the  past  many  sound  transmission  experiments 
were  made  in  the  ocean  using  sound  pulses  on  the  order  of 
0.2  seconds  long.  For  transmission  runs  made  In  shallow 
•water  (i.e.  100  fathoms  or  less)  it  is  possible  not  only  to 
obtain  information  concerning  the  attenuation  of  the  sound 
with  increasing  range  but  also  to  observe  the  relationship 
between  the  length  of  the  received  pulse  and  range.  It 
is  shown  in  this  report  that  this  relationship  gives  addi- 
tional information  concerning  the  critical  angle  of  re- 
flection of  sound  from  one  ooT/tom,  anu  therefore,  tire 
velocity  of  sound  in  the  bottom.  A simple  derivation  is 
mads  which  predicts  the  pulse  length  as  a function  of  range, 
water  depth  and  the  critical  angle  for  total  reflection  of 
the  sound  from  the  bottom.  The  critical  angles  for  two 
transmission  runs  made  by  UCDWR  in  19i^r  using  frequencies 
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of  200  and  600  cps  are  obtained  and  a discussion  of  the 
* 

method  is  presented. 


DERIVATION  OP  RELATIONSHIP  BETWEEN  RANGE,, 
WATER  DEPTH  AND  CRITICAL  ANGLE 


The  node!  used  for  the  transmission  run  experi- 
ment is  shown  in  Pig.  1.  Several  assumptions  are  made  to 
simplify  the  derivation.  These  are: 

1.  Both  the  source  and  the  receiver  are  omnidirectional. 

2.  The  medium  is  isovelocity  water. 

3.  Reflection  is  specular  from  both  top  and  bottom 
and  the  surfaces  are  parallel  to  one  another. 

4.  There  is  total  reflection  from  the  top  surface  but 
from  the  bottom  surface  there  is  a loss  due  to  transmission 
into  the  bottom  which  has  the  following  reflection  coeffi- 

( Q) 


9 V ~ / • 


for  9 < 9 
for  9^9 


(©)  = A 


}X(9)  = 1 


where  A<  1 and  9 is  the  angle  between  the  direction  of  the 
sound  rays  and  the  normal  to  the  bottom  surface  (see  Pig. 

•5*  The  yY  {Q)  given  here  is  an  approximation  of  the  reflection 
coefficients  calculated  by  J.M.  Ide^  R.P.  Post  and  V». J.  Pry, 
The  Propagation  of  Underwater  Sound  at  Low  Frequencies  as  a 
Function  of  the  Acoustic  Properties  of  the  Bottom.  NRL  Rept. 
No.  S 21137  PP.  113.'  T Unclassified) 
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Both  the  source  and  the  receiver  are  close  enough 
to  the  top  surface  to  be  considered  at  the  surface  (i.e.  the 
depths  of  source  and  receiver  are  very  small  compared  to  the 
depth  of  the  water. 


7 /TO  'fT7 7770 777 777  "T7 


is  direct  signal, 

is  first  bottom  refloctod  signal, 

is  second  bottom  reflected  signal, 

is  third  bottom  reflected  signal. 

Pig.  1.  Model  for  sound  propagation  in  shallow  water. 

s and  r designate  the  positions  of  the  source 
and  receiver  respectively. 


The  difference  in  the  rath  length  of  a signal  that 
has  been  reflected  n times  from  the  bottom  and  the  path 
length  of  the  direct  signal  is  seen  to  be 

A rn  = Jr2  + ( 2nD 5 2 - R ( 1 ) 

where  R is  the  distance  between  the  source  end  the  receiver 
and  D is  the  depth  of  the  water.  The  sound  pulse  that  is 
reflected  n times  will  therefore  arrive  a Siior  t time  later 
than  the  direct  signal.  If  the  difference  between  the  two 
arrival  times  is  designated  as  Atr,  then 
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where  c ia  the  velocity  of  sound  in  the  water.  The  range 
dependence  of  the  time  difference  a tn  for  various  values 
of  n are  shown  in  Fig.  2. 

The  angle  of  incidence  of  the  n'th  reflected  ray 
upon  the  bottom  is 

9n  = cotan"1/-^)  (3) 

If  9n(  9C  then  the  contribution  of  the  n'th  ray  to  the  signal 
will  not,  be  observed  since  this  signal  will  be  attenuated  b y 
at  least  An  due  to  the  reflection  coefficient  that  is  assumed. 
This  quantity  becomes  negligible  for  large  values  of  n.  This 
implies  that  the  Atn  is  only  observed  for  the  highest  value 
cf  n such  that  9n > 9C  when  n is  large.  As  the  range  in- 
creases more  modes  of  reflection  are  possible  since  9n  in- 
creases monotonically  with  the  range  for  all  values  of  n. 

Ideally  this  means  that  at  some  range  R;  0n  reaches 
the  value  9C  and  then  the  n'th  reflected  signal  contributes 
to  the  total  pulse  making  it  longer  in  time.  It  can,  there- 
fore be  expected  that  the  signal  would  increase  increment- 
ally  In  time,  with  the  range  Interval  between  the  lumps 
constant  for  the  entire  range.  Figure  3 shows  the  pulse 
length  dependence  or  the  range  for  various  assumed  values 
cf  «••..  By  superposing  Fig.  3 on  Fig.  2 it  is  easy  to  see 
how  the  curves  on  Fig.  3 were  obtained. 

For  a sound  transmission  run  whose  oceanographic 
conditions  approximate  those  used  in  the  derivation  above. 

It  is  possible  to  find  experimentally  the  critical  angle 
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of  trie  bottom  reflected  sound  by  plotting  trie  observed  time 
difference  At  as  a function  of  ranee.  The  choice  of  the 
theoretical  curve  in  Pig*  3 which  best  fits  the  data  deter* 
minos  the  value  of  the  critical  angle. 


EXPERIMENTAL  RESULTS 


As  an  example  of  the  method  described  above,  0.6 
kc  and  0,2  kc  sound,  transmission  runs  were  analyzed.  These 
runs  were  made  by  UCDWP,  o.ff  the  coast  of  California  on 
May  20,  1 and  wore  chosen  because  the  oceanographic  data 
show  them  to  have  a shallow  (40  fathom),  flat,  mud  bottom 
and  a negative  water  temperature  gradient. 

The  UCDWR  data  have  a sound  signal  and  a radio 
signal  recorded  on  each  run.  The  radio  signal  is  the  same 
length  as  the  transmitted  sound  signal,  nonce  it  is  assumed 
to  be  the  same  length  as  the  direct  signal.  Thus  At  can 
be  measured  by  subtracting  the  length  of  the  radio  signal 
from  the  observed  sound  pulse.  An  ideal  record  of  one 

SOI  \ y»  /"T  v\  i r r\  4 «i  V—  —v  ^ 4 w T71  4 ~ I • 

U UIa  £*'-'■  -±-  ^ -*-*•>  >JllW  mi  Xll  JL*  JL  » 4-J-  0 

Measurements  of  At  wore  made  fo*  re  cores  in  which 


the  range  varied  from  200  yards  to  12,000  yards.  These  me 
surenents  are  plotted  in  Pig.  3.  The  theoretical  curves 
which  give  best  fit  to  the  maximum  experimental  values  of 
At  can  be  seen  to  Tie  between  72°  and  7^°  for  the  0.6  kc 
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run  and  lielweon  72°  and  75°  for  the  0.2  kc  run*  These 
limits  of  the  critical  angle  give  ratios  for  the  velocity 
of  sound  in  the  mud.  bottom  to  the  velocity  in  water  of 
1.05  to  1.02.  These  values  are  in  fair  agreement  with 
measurements  made  elsewhere.-*  _ 

r-'-s-y 

sound  signal 


I 


-T 


k-t  -> ; 


I 

"L_. 


j . . 1 


radio  signal 


Fig.  4«  An  idealized  picture  of  the  sound  and  radio 

signals,  'to  1 c tho  length  of  the  radio  signal 
(and  the  direct  signal).  T is  the  length  ci 
the  observed  sound  signal.  - T1  0 = At- 
AT  x c,  where  c is  the  velocity  of  sound  in 
the  water*  is  equal  to  the  range  h* 


DISCUSSION 


The  above  method  for  finding  the  critical  angle 
Is  straightforward;  however  there  are  some  difficulties 
which  are  only  evident  when  actual  analysis  is  attempted. 
The  first  of  these  difficulties  arises  from  the  fact  that 
the  attenuation  per  reflection  may  be  small,  thus  making 
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AO  1 ?ft7  i Wav  "1  Qt 
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difficult  the  distinction  between  a signal  whose  angle  of 
incidence  on  the  bottom  ia  lea;,  than  the  critical  angle  Q,> 
and  one  whose  angle  is  greater  than  8C„  rioweve  1'  tho  attenua 
tion  after  several  reflections  becomes  large,  so  at  longer 
ranges,  where  the  oly  signals  with  an  angle  of  incidence 
less  than  9C  are  those  undergoing  many  bottom  reflections, 
the  distinction  between  Sn)  9C  and  Sn^  9C  is  no  longer  dif- 
ficult. Another  uiiricuiuy,  ana  perhaps  trie  greatest  is 
caused  by  interference  phenomenon,  both  in  the  combined 
signal  and  in  the  separate  contributions  to  the  signal* 

Since  the  source  and  receiver  are  both  located  below  the  top 
surface  by  a distance  which  is  usually  greater  than  or  equal 
to  the  wavelength,  interference  is  present  for  the  direct 
signal  as  well  as  the  reflected  components.  Constructive 
interference  clearly  presents  no  problem,  but  destructive 
interference  frequently  makes  a component  of  the  signal 
so  small  that  it  is  not  observed  in  measuring  At,  This 
clearly  reads  to  a value  of  0C  which  .is  greater  than  the 
actual  critical  anglo.  However  this  error  is  a periodic 
one,  ana  if  a theoretical  curve  that  lies  above  most  ex- 
perimental points  is  chosen,  the  value  of  0C  will  be  fairly 
accurate. 

Since  the  thermal  structure  in  th6  ocean  is  at 
bast  an  approximation  to  an  isovelocity  medium  an  error  is 
introduced  in  using  the  model,  set  forth  here*  However  if 
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having  negative  velocity  gradients  whosG  ray  patterns  are 
similar  to  those  of  isovelocity  media,  the  error  is  small 
and  the  results  cor'ld  he  corrected  if  desired  by  taking  intc 
account  the  change  in  the  anglo  of  incidence  on  the  bottom 
due  to  the  thermal  pattern.  Velocity  gradients  other  than 
those  which  are  negative  or  isovelocity  give  complicated 
ray  patterns  and  are  not  approximated  by  the  isovelocity 
case. 


In  the  presence  of  a negative  velocity  gradient 
the  direct  signal  usually  disappears  at  ranges  close  to 
1000  yards  due  to  the  downward  refraction  of  the  sound  rays. 
Tills,  however,  presents  a small  error,  as  the  time  difference 
between  the  direct  signal  and  the  first  reflected  signal  is 
already  very  small  at  a range  of  1000  yards  (see  Fig.  2), 

It  must  be  noted  that  the  bottom  surface  must  be 
very  flat  for  the  above  approach  to  be  valid.  It  can  bo 
shown  that  a slope  of  a degrees  in  the  bottom  will  change 
the  angle  of  incidence  on  the  bottom  2na  degrees  after  being 
reflected  from  the  bottom  n time:;,  the  -sign  of  the  change 
depending  on  whether  the  propagation  is  up  or  down  tne  slope. 
So  a limit  must  be  placed  on  the  permissible  slope  of  the 
bottom  if  the  present  model  is  to  be  applicable;  this  limit 
is  given  by 
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SUMMARY 


A method  of  measuring  the  critical  angle  of 
bottom  reflection  by  observing  the  range  dependence  of  the 
length  of  a pulsed  signal  is  found.  Measurements  are  made 
on  data  for  a mud  bottom  with  0,2  and  0,6  kc  sound  signals 
which  give  values  from  ?2C  to  ?B°  as  the  cr5 tioal  angle  of 
incidence.  These  values  of  the  oritlqai  angle  give  a velo- 
city of  sound  in  the  mud  bottom  around  1,02  unu  1,05  times 
the  velocity  nf  sound  in  water. 
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